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Abstract:We construct general Wigner rotations for both massive and massless particles
inD-dimensional spacetime. We work out the explicit expressions of these Wigner rotations
for arbitrary Lorentz transformations. We study the relation between the electromagnetic
gauge invariance and the non-uniqueness of Wigner rotation.
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1 Introduction and Summary
In quantum field theory, one-particle states are classified according to the representations
of little groups of the Lorentz group [1]. For a systematic introduction of little groups or
Wigner rotations for both massive and massless particles in four dimensional spacetime,
see Ref. [2].
In this paper, we wish to study the Wigner rotations for both massive and massless
particles in an arbitrary D-dimensional spacetime. We begin by introducing the little
groups in D-dimensional spacetime. For a chosen “standard” D-momentum kν 1, the little
group or Wigner rotation is defined as W µνk
ν = kµ, µ, ν = 0, 1, . . . ,D−1. For an arbitrary
Lorentz transformation Λ and a given momentum pµ, the little group can be constructed
as follows [2],
W (Λ, p) = L−1(Λp)ΛL(p). (1.1)
Here L(p) is some standard Lorentz transformation, bringing kµ to pµ, i.e. pµ = Lµν(p)k
ν .
1For a particle of unit mass, kµ = (0, 0, . . . , 0, 1); For a massless particle, kµ = (0, . . . , 0, 1, 1), with “1”
standing for unit energy.
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In this paper, we work out the explicit expressions of little group elements (1.1) for
both massive and massless particles in D-dimensional spacetime.
Our main idea is to use spinor algebra to construct the little groups or Wigner rotations.
Generally speaking, the spinor algebra in D dimensions is slightly easier than the tensor
algebra. Nevertheless, the spinors can still furnish faithful representations of the little
groups; So they can be used to work out (1.1). The technical details will be introduced in
the next section. For the massive particle case, we use two distinct methods to derive the
explicit expression for the Wigner rotations; In the special case of 4D, we provide a third
way to work out the explicit expression for the Wigner rotation.
The spinor representation of little group for massless particles is particularly interest-
ing. For instance, in the case of 4D, the little group is ISO(2), with the rotation generator
J3 and two translation generators T 1 and T 2. If the physical state is a superposition of the
eigenvectors of T 1 and T 2, and if the eigenvalues of T 1 and T 2 are not zero, the helicity σ of
a massless particle would have a continuous value without taking account of the topology
of the Lorentz group [2]. However, in the spinor realization of ISO(2), the eigenvalues
of A1 ≡ T 1S and A2 ≡ T 2S are zero automatically. (Here “S” stands for the spinor repre-
sentation.) So a continuous value of the helicity σ of a massless fermionic particle can be
avoided, without even considering the topology of the Lorentz group.
It is obvious for a given Lorentz transformation, the Wigner rotation cannot be uniquely
defined. For a fixed “standard” D-momentum kµ, one may choose two different standard
Lorentz transformations L(p) and L˜(p), in the sense that L(p)µνk
ν = L˜(p)µνk
ν = pµ but
L(p) 6= L˜(p). The resulting two Wigner rotations satisfy
W˜ (Λ, p) = S(Λp)W (Λ, p)S−1(p) (1.2)
where S(p) ≡ L˜−1(p)L(p). The above equation may be useful in studying gauge fields:
Here S(p) may have a connection with the gauge transformation of U(1) gauge field in
D dimensions. As an example, we discuss the relation between the electromagnetic gauge
invariance and the non-uniqueness of Wigner rotation in four dimensional spacetime (see
Section 3.2).
The results of this paper may be useful in studying theories in the higher dimensions,
such as superstring theory or M-theory.
Our paper is organized as follows. In Section 2, we work out the Wigner rotations for
massive particles in D dimensions, and discuss the special case of D = 4. In Section 3,
we derive the Wigner rotations for massless particles in D dimensions; We investigate the
special case of D = 4, and study the relation between the Wigner rotation and the U(1)
gauge symmetry. We summarize our conventions and some useful identities in Appendix
A. In Appendix B, we verify that the little group elements for massive particles belong
to SO(D − 1), and In Appendix C, we verify that some little group elements for massless
particles belong to SO(D − 2).
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2 Wigner Rotations for Massive Particles
2.1 D Dimensions
For a particle of mass M in D dimensions, we choose the standard vector as kµ =
(0, 0, . . . , 0,M). The spinor representation of the “standard boost” can be constructed
as follows
LS(η) = e
ηiΣi0 (2.1)
Here Σi0 = 14 [γ
0, γi] is the set of boost generators (our conventions are summarized in Ap-
pendix A), and ηi the set of rapidities; The subscript “S” stands for spinor representation.
The relation between LS(η) and L(η)
2 is the standard one:
LS(η)γ
µL−1S (η) = Lν
µ(η)γν . (2.2)
Using (2Σi0)2 = 1 (no sum), one can convert (2.1) into the form
LS(η) = cosh(η/2) + sinh(η/2)ηˆ
i(2Σi0), (2.3)
where ηˆi ≡ ηi/η and η ≡ |~η| =
√
(ηi)2. Substituting (2.3) into (2.2), we find that
Li
j(η) = δij + (cosh η − 1)ηˆiηˆj
L0
i(η) = Li
0(η) = −ηˆi sinh η (2.4)
L0
0(η) = cosh η
Substituting
ηˆi = pˆi, sinh η = |~p|/M (2.5)
into (2.4),
Li
j(p) = δij + (γ − 1)pˆipˆj ,
L0
i(p) = Li
0(p) = −pˆi
√
γ2 − 1, (2.6)
L0
0(p) = γ,
where γ ≡
√
|~p|2/M2 + 1 = p0/M . We see that L(η) or L(p) does carry the D-momentum
from kµ to pµ. Since now, we do not distinguish L(η) and L(p). It can be seen that if
D = 4, the standard boost (2.4) is exactly the same as the one in Ref. [2].
For a given general Lorentz transformation Λ, we denote its spinor counterpart as ΛS;
3
They satisfy the equation
ΛSγ
µΛ−1S = Λν
µγν (2.7)
2In this paper, Lorentz transformations without the subscript “S”, such as L(p), Λ, R, and W (Λ, p) are
in the vector representation.
3If D ≤ 4, it is relatively easy to work out the explicit expression of ΛS for a given general Λ. (See
Section 2.2.)
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Then the Wigner rotation in the spinor space reads
WS(Λ, η) = L
−1
S (ηΛ)ΛSLS(η). (2.8)
Here ηΛ must be defined such that L(ηΛ) transforms p
µ into (Λp)µ, i.e.,
ηˆiΛ = (̂Λp)
i
,
√(
(Λp)i
)2
=M sinh(ηΛ). (2.9)
This can be fulfilled by requiring that
LS(ηΛ)γ
0L−1S (ηΛ) = ΛSLS(η)γ
0L−1S (η)Λ
−1
S (2.10)
On one hand,
ΛSLS(η)γ
0L−1S (η)Λ
−1
S = Λν
µLµ
0(η)γν . (2.11)
On the other hand, in analogy to (2.3), we have
LS(ηΛ) = cosh(ηΛ/2) + sinh(ηΛ/2)ηˆ
i
Λ(2Σ
i0). (2.12)
So
LS(ηΛ)γ
0L−1S (ηΛ) = Lν
0(ηΛ)γ
ν =
(
cosh(ηΛ) + sinh(ηΛ)ηˆ
i
Λ(2Σ
i0)
)
γ0
= cosh(ηΛ)γ
0 − sinh(ηΛ)ηˆiΛγi. (2.13)
Comparing (2.11) and (2.13) gives
cosh(ηΛ) = (ΛL)0
0 = Λ0
0 cosh(η)− Λ0iηˆi sinh(η),
ηˆjΛ sinh(ηΛ) = −(ΛL)j0 = Λj iηˆi sinh(η)− Λj0 cosh(η). (2.14)
where we have used (2.4), and for readability, we have written Λµ
ρLρ
ν as (ΛL)µ
ν .
The inverse transformation reads
L−1S (ηΛ) = cosh(ηΛ/2) − sinh(ηΛ/2)ηˆiΛ(2Σi0). (2.15)
It is possible to recast it into the following form:
L−1S (ηΛ) =
(Λ†S)
−1L−2S (η)Λ
†
S + 1
2 cosh(ηΛ/2)
. (2.16)
To see this, let us evaluate ΛSL
2
SΛ
†
S first. Using (2.3), (2.7), and Λ
−1
S = γ
0Λ†S(γ
0)−1, we
find that
ΛSL
2
SΛ
†
S = ΛS[cosh(η) + sinh(η)ηˆ
i(2Σi0)]Λ†S (2.17)
= [Λ0
0 cosh(η) − Λ0iηˆi sinh(η)] + [Λj iηˆi sinh(η)− Λj0 cosh(η)](2Σj0)
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Using the above result, it is not difficult to compute (Λ†S)
−1L−2S (η)Λ
†
S:
(Λ†S)
−1L−2S (η)Λ
†
S
=
(
ΛSL
2
SΛ
†
S
)−1
= γ0
(
ΛSL
2
SΛ
†
S
)†
(γ0)−1 (2.18)
= [Λ0
0 cosh(η) − Λ0iηˆi sinh(η)] − [Λjiηˆi sinh(η) − Λj0 cosh(η)](2Σj0)
Plugging the above equation into (2.16), and using (2.14), we find that (2.16) is exactly
the same as (2.15).
Plugging (2.15) into (2.8) gives the spinor representation of the general Wigner rotation
for massive particles in D dimension:
WS(Λ, η) =
(Λ†S)
−1L−1S (η) + ΛSLS(η)
2 cosh(ηΛ/2)
=
γ0ΛSLS(η)(γ
0)−1 + ΛSLS(η)√
2(1 + [ΛL(p)]00)
, (2.19)
where we have written the denominator as
2 cosh(ηΛ/2) =
√
2(cosh(ηΛ) + 1) =
√
2(1 + [ΛL(p)]00). (2.20)
It is easy to check that
W †S(Λ, η) =W
−1
S (Λ, η) (2.21)
So according to our convention in Appendix A, WS(Λ, η) must furnish a unitary represen-
tation of SO(D − 1).
The general Wigner rotation or the little group element W (Λ, η) can be worked out
via the equation:
WS(Λ, η)γ
µW−1S (Λ, η) =Wν
µ(Λ, η)γν (2.22)
First of all, if γµ = γ0, it is easy to verify that
WS(Λ, η)γ
0W−1S (Λ, η) = γ
0, (2.23)
that is,
W0
0(Λ, η) = 1, Wi
0(Λ, η) = 0. (2.24)
Secondly, if γµ = γi, using (2.2), (2.7), and the commutation relations in Appendix A, we
obtain
WS(Λ, η)γ
iW−1S (Λ, η) = Wν
i(Λ, η)γν =Wj
i(Λ, η)γj
=
(
− [ΛL(η)]0
i[ΛL(η)]j
0
1 + [ΛL(η)]00
+ [ΛL(η)]j
i
)
γj. (2.25)
In summary,
W0
0(Λ, p) = 1,
Wi
0(Λ, p) =W0
i(Λ, p) = 0,
Wj
i(Λ, p) = − [ΛL(p)]0
i[ΛL(p)]j
0
1 + [ΛL(p)]00
+ [ΛL(p)]j
i. (2.26)
– 5 –
We see that once the explicit expression for Λ is known, one can calculate Wj
i(Λ, p) im-
mediately, without having to work out the explicit expression of ΛS.
Using (2.5), a short calculation gives
Wj
i(Λ, p) =
[−Λ00pi/M + Λ0i + (γ − 1)Λ0kpˆkpˆi](Λp)j
M + (Λp)0
−Λj0pi/M + (γ − 1)Λjkpˆkpˆi + Λji. (2.27)
The Wigner rotation (2.26) can be also derived without relying on Clifford algebra.
We begin by writing down the standard boost L(Λp):
Lij(Λp) = δ
ij + (γΛ − 1)Λ̂p
i
Λ̂p
j
,
L0i(Λp) = L
i
0(Λp) = Λ̂p
i
√
γ2Λ − 1, (2.28)
L00(Λp) = γΛ,
where
γΛ = (Λp)
0/M = [ΛL(p)]00,
Λ̂p
i
=
(Λp)i√
(Λp)j(Λp)j
=
[ΛL(p)]i0√
γ2Λ − 1
(2.29)
The inverse transformation (L−1)µν(Λp) are determined by the fundamental equation
(L−1)µν(Λp) = ηµρηνσLσρ(Λp). (2.30)
Substituting (2.28) into the above equation gives
(L−1)ij(Λp) = δij +
[ΛL(p)]i0[ΛL(p)]
j
0
[ΛL(p)]00 + 1
,
(L−1)0i(Λp) = (L−1)i0(Λp) = −[ΛL(p)]i0, (2.31)
(L−1)00(Λp) = [ΛL(p)]00,
Substituting (2.31) into the equation
W µν(Λ, p) = (L
−1)µρ(Λp)ΛρσLσν(p), (2.32)
after a slightly length algebra, one obtains
W 00(Λ, p) = 1,
W i0(Λ, p) =W
0
i(Λ, p) = 0,
W ji(Λ, p) = − [ΛL(p)]
0
i[ΛL(p)]
j
0
1 + [ΛL(p)]00
+ [ΛL(p)]j i, (2.33)
which are in agreement with (2.26).
Using ΛµρΛ
ν
ση
ρσ = ηµν and LµρL
ν
ση
ρσ = ηµν , it is not difficult to verify that
W ki(Λ, p)W
k
j(Λ, p) = δij . (2.34)
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(For a detailed proof, see Appendix B.) Namely, the little group is indeed SO(D−1). Eqs.
(2.34) are also consistent with the fact that W 0i(Λ, p) = 0 (see the second line of (2.33)).
Notice that
ηµνW
µ
i(Λ, p)W
ν
j(Λ, p) = −W 0i(Λ, p)W 0j(Λ, p) +W ki(Λ, p)W kj(Λ, p) = δij , (2.35)
which are exactly the same as Eqs (2.34) taking account of W 0i(Λ, p) = 0.
We now proceed to discuss two important special cases: Λ is a general pure boost or
a general pure rotation.
If ΛS is a pure rotation, i.e., ΛS = RS, then by (A.11), one has (R
†
S)
−1 = RS. Plugging
it into equation (2.19), and using (2.3), we are led to
WS(R, η) =
RS[L
−1
S (η) + LS(η)]
2 cosh(ηΛ/2)
=
cosh(η/2)
cosh(ηΛ/2)
RS = RS. (2.36)
In the last equity, cosh(ηΛ/2) = cosh(η/2) can be proved as follows: If Λ = R, one has
Λ0
0 = 1 and Λ0
i = 0; Plugging them into the first equation of (2.14) proves cosh(ηΛ) =
cosh(η). Using (2.36), we find that
WS(R, η)γ
iW−1S (R, η) =Wµ
i(R, η)γµ = RSγ
iR−1S = Rj
iγj (2.37)
Namely, W0
i(R, η) = 0 and Wj
i(R, η) = Rj
i. That is
W (R, η) = R. (2.38)
(One can also prove the above equation by substituting Λ = R into (2.26).) In other words,
if Λ is an arbitrary pure rotation R, the Wigner rotation W (R, η) is exactly the same as
R, independent of the parameter η or momentum p. In 4D, the above important equation
is proved by using a different method [2]. We see that in D dimensions, this equation still
holds.
However, we have to emphasize that W (R, η) = R is due to the particular “standard
boost”(2.4) or (2.6). If we use another “standard boost” L˜(p), satisfying L˜(p)µνk
ν =
L(p)µνk
ν = pµ, but L˜(p) 6= L(p) = (2.6), it is possible that W˜ (R, η) 6= R. This can be seen
as follows: According to (1.2),
W˜ (R, p) = S(Λp)W (R, p)S−1(p) = S(Λp)RS−1(p) (2.39)
where S(p) ≡ L˜−1(p)L(p); Generally speaking, S(Λp)RS−1(p) 6= R.
If ΛS is a pure boost, i.e., ΛS = LS(ξ), then by (A.11), we have L
†
S(ξ) = LS(ξ) .
Plugging this equation into (2.19), we obtain
WS(ξ, η) ≡WS(Λ, η)
∣∣
Λ=L(ξ)
=
L−1S (ξ)L
−1
S (η) + LS(ξ)LS(η)√
2(1 + [LS(ξ)L(η)]00)
. (2.40)
Using (2.3) and (2.4), a short calculation gives
WS(ξ, η) = cos
(
Θ
2
)
+ sin
(
Θ
2
)
2ξˆiηˆjΣ
ij√
1− (ξˆ · ηˆ)2
= exp
(
Θ
ξˆiηˆjΣ
ij√
1− (ξˆ · ηˆ)2
)
, (2.41)
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where Θ is defined via the equation
tan
(
Θ
2
)
=
sinh(ξ/2) sinh(η/2)
√
1− (ξˆ · ηˆ)2
cosh(ξ/2) cosh(η/2) + (ξˆ · ηˆ) sinh(ξ/2) sinh(η/2) . (2.42)
Note that WS(ξ, η) is invariant under the discrete transformation η → −ξ and ξ → η, or
η → ξ and ξ → −η (see (2.41)), i.e.,
WS(ξ, η) =WS(η,−ξ) =WS(−η, ξ). (2.43)
Using
WS(ξ, η)γ
iW−1S (ξ, η) =Wj
i(ξ, η)γj (2.44)
and Eq. (A.7), we find that
Wj
i(ξ, η) = exp
(
Θ
ξˆkηˆlτ
kl√
1− (ξˆ · ηˆ)2
)
j
i, (2.45)
where
(τkl)j
i = δliδkj − δkiδlj (2.46)
is the set of SO(D−1) matrices, defined via Eq. (A.7). We see that Wj i(ξ, η) is a rotation
on the η-ξ plane, possessing the symmetry property Wj
i(ξ, η) = Wj
i(η,−ξ) = Wj i(−η, ξ).
The explicit expression ofWj
i(ξ, η) can be worked out by either plugging (2.42) into (2.44),
or expanding (2.45) directly:
Wj
i(ξ, η) = δij + sinΘ
ξˆkηˆl√
1− (ξˆ · ηˆ)2
(τkl)j
i + 2(1 − cosΘ)(ξˆmηˆn)(ξˆk ηˆl)
1− (ξˆ · ηˆ)2 (τ
mnτkl)j
i
= δij +
(cosh η − 1)(cosh ξ − 1)[2(ηˆ · ξˆ)ηˆ(iξˆj) − (ξˆiξˆj + ηˆiηˆj)]
1 + cosh η cosh ξ + (ηˆ · ξˆ) sinh η sinh ξ
−2ηˆ
[iξˆj][sinh η sinh ξ + (cosh η − 1)(cosh ξ − 1)(ηˆ · ξˆ)]
1 + cosh η cosh ξ + (ηˆ · ξˆ) sinh η sinh ξ , (2.47)
where ηˆ(iξˆj) = (ηˆiξˆj+ ηˆj ξˆi)/2 and ηˆ[iξˆj] = (ηˆiξˆj− ηˆj ξˆi)/2. In deriving (2.47), we have used
(2.42). The Wigner rotation (2.47) can be also worked out by substituting the pure boost
Λ = L(ξ) into the general Wigner rotation (2.26).
2.2 4 Dimensions
For four dimensional spacetime, the Lorentz group SO(3, 1) = SU(2) × SU(2). Since the
irreducible representation of SU(2) is well known, it is possible to work out the explicit
expressions for the irreducible unitary representations of any dimensionality of the little
group W (Λ, η) (see (2.81)).
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Our first goal is to work out the explicit expression of the spinor representation of the
little group (2.19). We begin by calculating the general Lorentz transformation in spinor
space
ΛS = exp
(
1
2
ωµνΣ
µν
)
. (2.48)
To simplify calculations, we decompose the generators Σµν and the parameters into the
irreducible parts,
Σµν± =
1
2
(
Σµν ± i
2
εµνρσΣρσ
)
, (2.49)
ωµν± =
1
2
(
ωµν ± i
2
εµνρσωρσ
)
, (2.50)
where the totally antisymmetric tensor is defined as ε0123 = −ε0123 = 1. Notice that they
satisfy the duality conditions
Σµν± = ±
i
2
εµνρσΣ±ρσ, (2.51)
ωµν± = ±
i
2
εµνρσω±ρσ. (2.52)
Now the general Lorentz transformation (2.48) reads
ΛS = exp
(
1
2
ω+µνΣ
µν
+
)
exp
(
1
2
ω−µνΣ
µν
−
)
(2.53)
Define
ΛS± ≡ exp
(
1
2
ω±µνΣ
µν
±
)
(2.54)
and
ω± =
√
ω±µνω
µν
± and ωˆ±µν =
ω±µν
ω±
. (2.55)
Note that ΛS± are nothing but the SL(2, C) matrices. By a direct calculation, we find that
ΛS± =
1
2
(1∓ iγ5) cos ω±
2
+ ωˆ±µνΣ
µν
± sin
ω±
2
+
1
2
(1± iγ5), (2.56)
where γ5 is defined as γ5 ≡ γ0γ1γ2γ3, or γ5 = 14!εµνρσγµγνγργσ. Using the above equations,
it is not difficult to work out ΛS,
ΛS = ΛS+ΛS−
=
1
2
(1− iγ5) cos ω+
2
+
1
2
(1 + iγ5) cos
ω−
2
+ωˆ+µνΣ
µν
+ sin
ω+
2
+ ωˆ−µνΣ
µν
− sin
ω−
2
. (2.57)
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The vector counterparts of ΛS± are defined via the equations
ΛS±γνΛ−1S± ≡ Λ±µνγµ. (2.58)
A straightforward computation gives
Λ±µν = cos
(
ω±
2
)
δµ
ν + 2 sin
(
ω±
2
)
ωˆ±µν . (2.59)
That is,
Λ±00 = cos(ω±/2)
Λ±0i = Λ±i0 = −2 sin(ω±/2)ωˆ±i0
Λ±ij = cos(ω±/2)δij ∓ 2i sin(ω±/2)εijkωˆ±k0 (2.60)
If it is a pure boost, i.e., ωij = 0 and ωi0 → ηi, one has
L±00(η) = cosh(η/2)
L±0i(η) = L±i0(η) = − sinh(η/2)ηˆi
L±ij(η) = cosh(η/2)δij ∓ i sinh(η/2)εijk ηˆk (2.61)
The standard Lorentz transformation (2.4) can be also derived using Lµ
ν(η) =
(
L−L+
)
µ
ν(η)
and (2.61). The vector counterpart of ΛS is given by
Λµ
ν =
(
Λ−Λ+
)
µ
ν
= cos
(
ω+
2
)
cos
(
ω−
2
)
δµ
ν + 2cos
(
ω+
2
)
sin
(
ω−
2
)
ωˆ−µν
+2cos
(
ω−
2
)
sin
(
ω+
2
)
ωˆ+µ
ν + 4 sin
(
ω+
2
)
sin
(
ω−
2
)
(ωˆ+ωˆ−)µν (2.62)
Alternatively, using the relation between SL(2, C) and the 4D Lorentz group, one can
calculate Λµ
ν as follows,
ΛS±(γ±γ
ν)Λ−1S∓ = Λµ
ν(γ±γ
µ), (2.63)
where
γ± ≡
1
2
(1∓ iγ5). (2.64)
We now would like to work out the spinor little group (2.19). We expect that it takes
the “standard” form
WS(Λ, η) =
γ0ΛSLS(η)(γ
0)−1 + ΛSLS(η)√
2(1 + [ΛL(p)]00)
= cos
Θ
2
+ sin
Θ
2
Θˆi(2Σi) (2.65)
where
Σi ≡ 1
2
εijkΣ
jk, Θi ≡ 1
2
εijkΘ
jk, Θˆi ≡ Θi/
√
Θ2, (2.66)
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and Θi = Θi(Λ, η) is a function of Λµ
ν and ηi. To determine Θi, let’s first calculate
ΛSLS(η). According to (2.57), it must take the general form
ΛSLS(η) =
1
2
(1− iγ5) cos α+
2
+
1
2
(1 + iγ5) cos
α−
2
+αˆ+µνΣ
µν
+ sin
α+
2
+ αˆ−µνΣ
µν
− sin
α−
2
. (2.67)
where the new parameters αˆ±µν = αˆ±µν(ω, η) and α± = α±(ω, η) are functions of ωµν and
ηi, to be determined later. The definitions and properties of αˆ±µν and α± are similar to
that of ωˆ±µν and ω± (see (2.50), (2.52), and (2.55)). Inserting (2.67) into the first equation
of (2.65),
WS(Λ, η) =
(cos α+2 + cos
α−
2 )− 2i(sin α+2 αˆ+i0 + sin α−2 αˆ+i0)(2Σi)√
2(1 + [ΛL(p)]00)
(2.68)
We now must determine the relations of α±µν between ω±µν and ηi. According to
(2.59), the vector representations of Λ±L±(η) are given by
(Λ±L±(η))µν = cos
(
α±
2
)
δµ
ν + 2 sin
(
α±
2
)
αˆ±µν . (2.69)
Substituting (2.60) and (2.61) into (2.69), one obtains
(Λ±L±(η))00 = cos
α±
2
= cos
ω±
2
cosh
η
2
+ 2 sin
ω±
2
sinh
η
2
(ωˆ± · ηˆ) (2.70)
and
(Λ±L±(η))0i = −2 sin α±
2
αˆ±i0 (2.71)
= − cos ω±
2
sinh
η
2
ηi − 2 sin ω±
2
cosh
η
2
ωˆ±i0 ∓ 2i sin ω±
2
sinh
η
2
(ωˆ± × ηˆ)i,
where ωˆ± · ηˆ ≡ ωˆ±i0ηˆi and (ωˆ± × ηˆ)i = εijkω±j0ηˆk. Using the above two equations, all
terms in the numerator of (2.68) can be expressed in terms of ω±µν and ηi.
Using (2.70) and (2.71), we see that (2.68) also takes the following form:
WS(Λ, η) =
(Λ+L+(η))0
0 + (Λ−L−(η))00√
2(1 + [ΛL(p)]00)
+ i
(Λ+L+(η))0
i + (Λ−L−(η))0i√
2(1 + [ΛL(p)]00)
(2Σi). (2.72)
Here √
2(1 + (ΛL)00) =
√
2[1 + Λ00 cosh(η)− Λ0iηˆi sinh(η)] (2.73)
(See the first equation of (2.14)).
Using (2.70), (2.71), and (2.73), Eq. (2.65) or (2.72) can be readily worked out:
WS(Λ, η) = cos
Θ
2
+ sin
Θ
2
Θˆi(2Σi) = exp(ΘΘˆiΣi), (2.74)
where
cos
Θ
2
=
[(cos ω+2 + cos
ω−
2 ) cosh
η
2 + 2(sin
ω+
2 (ωˆ+ · ηˆ) + sin ω−2 (ωˆ− · ηˆ)) sinh η2 ]√
2[1 + Λ00 cosh(η)− Λ0iηˆi sinh(η)]
, (2.75)
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and
sin
Θ
2
Θˆi
=
1√
2[1 + Λ00 cosh(η) − Λ0iηˆi sinh(η)]
[
− i
(
(cos
ω+
2
− cos ω−
2
) sinh
η
2
ηˆi
+2(sin
ω+
2
ωˆ+i0 + sin
ω−
2
ωˆ−i0) cosh
η
2
+ 2i(sin
ω+
2
ωˆ+j0 + sin
ω−
2
ωˆ−j0)εijkηk sinh
η
2
)]
.
(2.76)
In (2.75) and (2.76), the set of parameters ηi is related to the momentum ~p and mass M
via (2.5), and the relation between Λµ
ν and ωµν is given by (2.62).
Note that Eq. (2.74) provides a third way to construct the vector representation of
the little group (2.26) in four dimensional spacetime. Since now cos Θ2 and sin
Θ
2 Θˆi have
been worked out completely, it is not difficult to complete the calculation
Wj
i(Λ, η) =
(
exp(ΘΘˆkτ
k)
)
j
i = cosΘδji + (1− cosΘ)ΘˆjΘˆi + sinΘεjikΘk, (2.77)
where τk = 12ε
kijτij, with (τij)kl = δikδjl − δjkδil. Plugging the data of (2.75) and (2.76)
into (2.77), a slightly length calculation gives
Wj
i(Λ, η) = − [ΛL(η)]0
i[ΛL(η)]j
0
1 + [ΛL(η)]00
+ [ΛL(η)]j
i, (2.78)
which is exactly the same as (2.26) or (2.27), with i, j = 1, 2, 3.
The Wigner rotation in any irreducible representation can be constructed by replacing
τi → −iJi in the right-hand side of the first equity of (2.77):
W
(j)
m′m(Λ, η) ≡W
(j)
m′m
(
Θ(Λ, η)
)
=
(
exp(−iΘΘˆkJ (j)k )
)
m′m
. (2.79)
Here the irreducible representations of Ji are the familiar ones,
(J
(j)
3 )m′m = m~δm′m, (J
(j)
1 ± iJ (j)2 )m′m = ~δm′,m±1
√
(j ±m+ 1)(j ∓m), (2.80)
wherem′,m = j, j−1, . . . ,−(j−1),−j. The Wigner’s formula for d-function may be useful
in calculating W
(j)
m′m(Λ, η). For instance, in the special case of Θˆk = yˆ or ΘΘˆkJ
(j)
k = ΘJ
(j)
2 ,
Eq. (2.79) is nothing but the the Wigner’s d-function [3]:
W
(j)
m′m
(
Θ(Λ, η)
)
=
∑
k
(−1)k−m+m′
√
(j +m)!(j −m)!(j +m′)!(j −m′)!
(j +m− k)!k!(j − k −m′)!(j −m+m′)!
×
(
cos
Θ
2
)2j−2k+m−m′(
sin
Θ
2
)2k−m+m′
, (2.81)
where the expressions of cos Θ2 and sin
Θ
2 are given by (2.75) and (2.76).
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2.3 Summary of This Section
In summary, in D dimensions, the spinor representation of the Wigner rotation is given by
WS(Λ, η) =
γ0ΛSLS(η)(γ
0)−1 + ΛSLS(η)√
2(1 + [ΛL(p)]00)
, (2.82)
and the vector representation of the Wigner rotation is given by
Wj
i(Λ, p) = − [ΛL(p)]0
i[ΛL(p)]j
0
1 + [ΛL(p)]00
+ [ΛL(p)]j
i
=
[−Λ00pi/M + Λ0i + (γ − 1)Λ0kpˆkpˆi](Λp)j
M + (Λp)0
−Λj0pi/M + (γ − 1)Λjkpˆkpˆi + Λji. (2.83)
Here Λµ
ν is an arbitrary Lorentz transformation, and L(p) or L(η) carries the standard
D-momentum kµ = (0, 0, . . . , 0,M) to pµ, i.e. Lµν(η)k
ν = pµ, with pµ the D-momentum of
the particle of mass M . The explicit expressions of L(p) and L(η) are given by (2.4)−(2.6).
And ΛS and LS(η) are spinor counterparts of Λµ
ν and Lµ
ν(η), respectively. The explicit
expression for LS(η) is given by (2.3).
3 Wigner Rotations for Massless Particles
3.1 D Dimensions
We now turn to the case of massless particles in D-dimensions. We define the standard
D-vector of energy κ as
kµ = (0, 0, . . . , κ, κ). (3.1)
We see that kµγ
µ = κ(−γ0+γD−1). It is therefore more convenient to work in the light-cone
coordinates (our conventions are summarized in Appendix A),
γ± =
1√
2
(±γ0 + γD−1), k± = 1√
2
(k0 + kD−1). (3.2)
In the light-cone coordinates, we have
kµγ
µ = k−γ− =
√
2κγ−. (3.3)
The little group W µν preserves k
µ, in the sense that W µνk
ν = kµ. In the spinor space,
this is equivalent to require that
WSγ
−W−1S = γ
−, (3.4)
where WS is spinor representation of the little group.
We define the “standard Lorentz transformation” in spinor space as follows
LS(λ) ≡ exp(λaΣ+a) exp(λ−Σ+−), (3.5)
= cosh
λ−
2
+ e−λ−/2λaΣ+a + 2 sinh
λ−
2
Σ+−.
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where the set of generators is (Σ+a,Σ+−), a = 1, . . . ,D− 2, with Σ+a = 1√
2
(Σ0a+ΣD−1,a)
and Σ+− = Σ0,D−1, and the parameters are defined as 4
(λa, λ−) = (−pa/p−,− ln(p−/k−)), (3.6)
where p− = p+ ≡ (p0+ pD−1)/
√
2. The vector counterpart of (3.5) Lµ
ν(λ), defined via the
equation
LS(λ)γ
µL−1S (λ) = Lν
µ(λ)γν , (3.7)
is therefore given by
L(λ) = exp(λaτ
+a) exp(λ−τ+−). (3.8)
Here τ+a = 1√
2
(τ0a + τD−1,a) and τ+− = τ0,D−1. The matrix elements of τµν are defined
as (τµν)σ
ρ = δµσηνρ − δνσηµρ (see (A.9)). The matrix elements of L(λ) can be either read
off from (3.7) or calculated directly using (3.8): In the lightcone coordinate system, they
are given by
La
b(λ) = δba, La
−(λ) =
pa
k−
, La
+(λ) = 0,
L−b(λ) = 0, L−−(λ) =
p−
k−
, L−+(λ) = 0, (3.9)
L+
b(λ) = − p
b
p−
, L+
−(λ) =
p+
k−
, L+
+(λ) =
k−
p−
.
It is straightforward to verify that L(λ) does bring kµ to pµ.
The Wigner rotation in spinor space is defined as
WS(Λ, λ) = L
−1
S (λΛ)ΛSLS(λ). (3.10)
Here ΛS is the general Lorentz transformation in spinor space, and
L−1S (λΛ) = exp(−λΛ−Σ+−) exp(−λΛaΣ+a) (3.11)
= cosh
λΛ−
2
− e−λΛ−/2λΛaΣ+a − 2 sinh λΛ−
2
Σ+−,
where the set of parameters λΛ is defined such that L(λΛ) transforms k
µ into Λµνp
ν ≡
(Λp)µ, i.e.,
(λΛa, λΛ−) =
(
− (Λp)a
(Λp)−
,− ln (Λp)−
k−
)
. (3.12)
(The matrix elements of L(λΛ) are given by (3.22).)
The general Wigner rotation Wν
µ(Λ, λ) can be read off from the following equation:
WS(Λ, λ)γ
µW−1S (Λ, λ) =Wν
µ(Λ, λ)γν , (3.13)
4For a massless particle of unit energy, k− =
√
2κ =
√
2.
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where in the light-cone coordinates γµ = (γa, γ−, γ+).
First of all, it is not difficult to verify that (3.4) is obeyed,
WS(Λ, λ)γ
−W−1S (Λ, λ) = γ
−. (3.14)
The above equation implies that
Wb
−(Λ, λ) =W+−(Λ, λ) = 0 and W−−(Λ, λ) = 1. (3.15)
Secondly, after a length calculation, one obtains
WS(Λ, λ)γ
aW−1S (Λ, λ)
= [(Λb
a + λaΛb
+) + (Λ−a + λaΛ−+)λΛb]γb + eλΛ(Λ−a + λaΛ−+)γ−. (3.16)
It can be seen that
W+
a(Λ, λ) = 0
Wb
a(Λ, λ) = (Λb
a + λaΛb
+) + (Λ−a + λaΛ−+)λΛb
= − [ΛL(λ)]a
−[ΛL(λ)]−b
[ΛL(λ)]−−
+ [ΛL(λ)]a
b (3.17)
=
1
p−(Λp)−
(
(p−Λba − paΛb+)(Λp)− − (p−Λ−a − paΛ−+)(Λp)b
)
,
W−a(Λ, λ) = eλΛ(Λ−a + λaΛ−+) =
[ΛL(λ)]−a
[ΛL(λ)]−−
.
In calculating Eqs. (3.17), we have used (3.9) and (3.12). (The relation between the
standard Lorentz transformation L(λ) and the momentum pµ is given by (3.9).)
Finally, we consider the following equation
WS(Λ, λ)γ
+W−1S (Λ, λ) =Wν
+(Λ, λ)γν . (3.18)
We find that the results are
W+
+(Λ, λ) = 1,
W−+(Λ, λ) =
[ΛL(λ)]−+
[ΛL(λ)]−−
,
Wb
+(Λ, λ) = − [ΛL(λ)]−
+[ΛL(λ)]b
−
[ΛL(λ)]−−
+ [ΛL(λ)]b
+, (3.19)
where L(p) is defined by (3.9).
Note that the matrix elements in Eqs. (3.19) are not independent quantities, in the
sense that they can be expressed in terms of the other matrix elements by using the Lorentz
transformation
Wµ
ρWν
σηρσ = ηµν . (3.20)
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For instance, using Wb
ρW−σηρσ = ηb− = 0, we obtain that
Wb
+(Λ, λ) = −Wba(Λ, λ)W−a(Λ, λ) = − [ΛL(λ)]−
+[ΛL(λ)]b
−
[ΛL(λ)]−−
+ [ΛL(λ)]b
+. (3.21)
which is exactly the same as the last equation of (3.19). On the other hand, the elements
in (3.15) are either 0 or 1, so the only “non-trivial” elements are W+
a(Λ, λ) and Wb
a(Λ, λ).
Here is another way to calculate the little group element Wµ
ν(Λ, λ). First, one can
obtain Lµ
ν(λΛ) by replacing p
µ → (Λp)µ and λ→ λΛ in (3.9),
La
b(λΛ) = δ
b
a, La
−(λΛ) =
(Λp)a
k−
, La
+(λΛ) = 0,
L−b(λΛ) = 0, L−−(λΛ) =
(Λp)−
k−
, L−+(λΛ) = 0, (3.22)
L+
b(λΛ) = − (Λp)
b
(Λp)−
, L+
−(λΛ) =
(Λp)+
k−
, L+
+(λΛ) =
k−
(Λp)−
.
Secondly, using the fundamental conditions Lµ
ρ(λΛ)Lµ
σ(λΛ)ηρσ = ηµν , it is not diffi-
cult to determine the inverse of Lµ
ν(λΛ),
(L−1)µν(λΛ) = ηµρηνσLσρ(λΛ). (3.23)
A straightforward computation gives
(L−1)ab(λΛ) = δba, (L
−1)a−(λΛ) = − (Λp)a
(Λp)−
, (L−1)a+(λΛ) = 0,
(L−1)−b(λΛ) = 0, (L−1)−−(λΛ) =
κ−
(Λp)−
, (L−1)−+(λΛ) = 0, (3.24)
(L−1)+b(λΛ) =
(Λp)b
κ−
, (L−1)+−(λΛ) =
(Λp)+
κ−
, (L−1)++(λΛ) =
(Λp)−
κ−
.
Finally, one can calculate all matrix elements Wµ
ν(Λ, λ) by substituting (3.9) and
(3.24) into the equation
W (Λ, λ) = L−1(λΛ)ΛL(λ). (3.25)
For instance, using (3.24), we find that
Wb
a(Λ, λ)
= (L−1)b+(λΛ)[ΛL(λ)]+a + (L−1)b−(λΛ)[ΛL(λ)]−a + (L−1)bc(λΛ)[ΛL(λ)]ca
= 0− (Λp)b
(Λp)−
[ΛL(λ)]−a + δbc[ΛL(λ)]ca
= − [ΛL(λ)]a
−[ΛL(λ)]−b
[ΛL(λ)]−−
+ [ΛL(λ)]a
b, (3.26)
which is exactly the same as the second equation of (3.17). In the last line, we have used
(3.9).
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By a length but direct calculation, one can show that
Wa
c(Λ, λ)Wb
c(Λ, λ) = δab. (3.27)
(For a detailed proof, see Appendix C.) SoWb
a(Λ, λ) must be the elements of the SO(D−2)
subgroup. Hence the group elements Wb
a(Λ, λ) are the most important result of this
section. Eq. (3.27) also follows from
ηµνWa
µ(Λ, λ)Wb
ν(Λ, λ) = δab (3.28)
and Wb
−(Λ, λ) = 0 (see (3.15)).
However, we still need to show that the little group is ISO(D − 2). Using (3.16) and
(γ−)2 = 0, one obtains immediately
WS(Λ, λ)A
aW−1S (Λ, λ) =Wb
a(Λ, λ)Ab, (3.29)
where Aa = Σ−a (see (A.19)). On the other hand,
WS(Λ, λ)Σ
abW−1S (Λ, λ)
= Wc
a(Λ, λ)Wd
b(Λ, λ)Σcd + (W−a(Λ, λ)Wcb(Λ, λ)−W−b(Λ, λ)Wca(Λ, λ))Ac. (3.30)
After defining
aa(Λ, λ) ≡W−b(Λ, λ)Wab(Λ, λ) = −Wa+(Λ, λ), (3.31)
(See (3.21).) Eq. (3.30) can be written as
WS(Λ, λ)Σ
abW−1S (Λ, λ) =Wc
a(Λ, λ)Wd
b(Λ, λ)
(
Σcd + ac(Λ, λ)Ad − ad(Λ, λ)Ac
)
.(3.32)
Eqs. (3.29) and (3.32) are the standard transformation law of the set of generators of
ISO(D − 2), with the spinor group parameterized as
WS(Λ, λ) = exp
(
aa(Λ, λ)Aa
)
exp
(
1
2
Θcd(Λ, λ)Σ
cd
)
. (3.33)
Here the set of parameters Θcd(Λ, λ) is defined via the equation
exp
(
1
2
Θcd(Λ, λ)τ
cd
)
a
b =Wa
b(Λ, λ), (3.34)
with (τ cd)a
b = δcaδ
db − δdaδcb.
It is interesting to note that in our construction, the spinor representation matrices of
the translation operators Aa satisfy
(Aa)2 = 0, (no sum) (3.35)
where we have used (A.19). So the eigenvalues of Aa are zero automatically, without even
considering the topology of the Lorentz group [2].
Eq. (3.33) suggests that the general representation of the little group takes the form
W(R)(Λ, λ) = exp
(
aa(Λ, λ)T a(R)
)
exp
(
1
2
Θcd(Λ, λ)J
cd
(R)
)
(3.36)
with T a(R) and J
cd
(R) furnishing a representation R of the generators of the ISO(D−2) group.
However, to avoid continuous degree of freedom of massless particles, we require that the
physical states are eigenstates of T a(R), but all eigenvalues are zero [2].
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3.2 4 Dimensions, and Applications to Gauge Theory
In 4D, it is relatively easier to determine the angle of Wigner rotation Θ(Λ, λ),
sin(Θ(Λ, λ)) =W1
2(Λ, λ) = −W21(Λ, λ),
cos(Θ(Λ, λ)) =W1
1(Λ, λ) =W2
2(Λ, λ), (3.37)
where the matrix elements Wb
a(Λ, λ) (a, b = 1, 2) are given by the second equation of
(3.17). According to Eq. (3.31), the set of parameters of the translation part of ISO(2) is
aa(Λ, p) = −Wa+(Λ, λ), (3.38)
whose values can be read off from (3.21) and (3.22).
It is interesting to consider a different “standard Lorentz transformation”. For in-
stance, let us try
L˜(p) = exp(−φτ12) exp(−θτ13) exp(λτ03), (3.39)
with the parameters relating to the momentum ~p as follows
pˆi = (sin θ cosφ, sin θ sinφ, cos θ),
|~p| = κe−λ. (3.40)
This L˜(p) is adopted from the textbook [2], but rewritten in terms of our notation. It can
be seen that L˜(p)µνk
ν = L(p)µνk
ν = pµ but L˜(p) 6= L(p). (Our L(p) is defined by (3.8)
and (3.6).) Now the “new” little group reads
W˜ (Λ, p) = L˜−1(Λp)ΛL˜(p). (3.41)
According to Eq. (1.2), we must have
W˜ (Λ, p) = S(Λp)W (Λ, p)S−1(p). (3.42)
Note that
S(p) = L˜−1(p)L(p) (3.43)
is itself a little group, since
Sµν(p)k
ν = (L˜−1)µρ(p)Lρν(p)kν = (L˜−1)µρ(p)pρ = kµ. (3.44)
In light-cone coordinates, we can decompose Eq. (3.42) into the following two essential
parts
W˜b
a(Λ, p) = Sb
c(Λp)Wc
d(Λ, p)(S−1)da(p), (3.45)
a˜a(Λ, p) = Sa
b(Λp)ab(Λ, p)− Sa+(Λp)− Sab(Λp)Wbc(Λ, p)(S−1)c+(p). (3.46)
In deriving (3.46), we have used the definition a˜a(Λ, p) = −W˜a+(Λ, p). Eqs (3.45) and
(3.46) also hold in D-dimensions.
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We now would like to work out W˜b
a(Λ, p) (a, b = 1, 2). Inserting (3.40) into (3.39), a
direct calculation gives L˜µν(p): (We set κ = 1.)
L˜i0(p) =
p20 − 1
2p20
pi, L˜00(p) =
p20 + 1
2p0
, L˜i3(p) =
p20 + 1
2p20
pi,
L˜03(p) =
p20 − 1
2p0
, L˜a1(p) =
p3p
a
p0
√
p20 − p23
, L˜a2(p) =
−εabpb√
p20 − p23
,
L˜31(p) = −
√
1− p
2
3
p20
, L˜32(p) = L˜
0
2(p) = L˜
0
1(p) = 0, (3.47)
where εab = −εba and ε12 = 1, and i = 1, 2, 3. One can obtain L˜µν(Λp) from the above
equation by simply replacing pµ by (Λp)µ. The inverse transformation matrix (L˜−1)µν(pΛ)
can be calculated by using the equation (L˜−1)µν(pΛ) = ηµρηνσL˜σρ(pΛ); Its expression is
(L˜−1)0i(pΛ) = −(p
0
Λ)
2 − 1
2(p0Λ)
2
piΛ, (L˜
−1)00(pΛ) =
(p0Λ)
2 + 1
2p0Λ
,
(L˜−1)3i(pΛ) =
(p0Λ)
2 + 1
2(p0Λ)
2
piΛ, (L˜
−1)30(pΛ) = −(p
0
Λ)
2 − 1
2p0Λ
, (3.48)
(L˜−1)1a(pΛ) =
p3Λp
a
Λ
p0Λ
√
(p0Λ)
2 − (p3Λ)2
, (L˜−1)2a(pΛ) =
−εabpbΛ√
(p0Λ)
2 − (p3Λ)2
,
(L˜−1)13(pΛ) = −
√
1− (p
3
Λ)
2
(p0Λ)
2
, (L−1)23(pΛ) = (L˜−1)20(pΛ) = (L˜−1)10(pΛ) = 0,
where pµΛ stands for (Λp)
µ.
In terms of matrix elements, the Wigner rotation (3.41) reads
W˜ µν(Λ, p) = (L˜
−1)µρ(pΛ)ΛρσL˜σν(p). (3.49)
Substituting (3.47) and (3.48) into the above equation, we find that
W˜ 11(Λ, p) ≡ cos(Θ˜(Λ, p))
=
p̂3Λp̂
a
Λ[−Λa3(1− p̂23) + Λabp̂bp̂3]− [1− (p̂3Λ)2][−Λ33(1− p̂23) + Λ3bp̂bp̂3]√
[1− (p̂3Λ)2](1− p̂23)
(3.50)
and
W˜ 12(Λ, p) ≡ sin(Θ˜(Λ, p)) = εabp̂b(Λ
3
a − Λ0ap̂3Λ)√
[1− (p̂3Λ)2](1− p̂23)
, (3.51)
where the unit vector p̂i = pi/|~p| is the direction of the momentum ~p, and p̂iΛ has a similar
definition. Since W˜ ab(Λ, p) is an SO(2) matrix, we have W˜
2
2(Λ, p) = W˜
1
1(Λ, p) and
W˜ 21(Λ, p) = −W˜ 12(Λ, p).
Similarly, using (3.47), (3.48), and (3.49), the translation part of ISO(2)
a˜a(Λ, p) = −W˜a+(Λ, p) (3.52)
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(see (3.31)) can be worked out, as well. However, since we do not need the explicit expres-
sion for a˜a(Λ, p), we do not present it here.
It is interesting to verify (3.45) and (3.46). One can calculate S(p) = L˜−1(p)L(p) using
the definition of L(p) (3.9) and (L˜−1)µν(p) = ηµρηνσL˜σρ(p), with L˜σρ(p) defined by (3.47).
And S−1(Λp) = L−1(Λp)L˜(Λp) can be calculated in a similar way. We have verified (3.45)
and (3.46) in the case of infinitesimal Lorentz transformation
Λµν = δ
µ
ν + (δω)
µ
ν , (3.53)
under the condition that (p0)2 − (p3)2 6= 0.
We now apply our results to the U(1) gauge theory in 4D. In the interaction picture,
the gauge field in 4D takes the form [2]
aµ(x) =
1
(2π)
3
2
∫
d3p√
2p0
∑
σ=±1
[
eµ(~p, σ)e
ip·xa(~p, σ) + e∗µ(~p, σ)e
−ip·xa†(~p, σ)
]
. (3.54)
Here the polarization vector eµ(~p, σ) = L(p)µνe
µ(~k, σ), with the standard Lorentz transfor-
mation L(p)µν defined by (3.9). Following the convention of [2], we specify the polarization
vectors as
eµ(~k,±1) = (1,±i, 0, 0)/
√
2,
where ~k is the standard momentum.
In 4D, the vector representation of Eq. (3.36) reads
W µν(Λ, p) = exp(a
a(Λ, p)τ−a)µρ exp(Θ(Λ, p)τ3)ρν (3.55)
where (τ−a)µν = 1√2(−τ0a + τ3a)µν , (τ3)µν = (τ12)µν , and (τρσ)µν = ηρµδσν − ησµδ
ρ
ν .
From now on, the letter a will be reserved for the creation and annihilation operators, and
following the convention of [2], we will denote the translation parameters of ISO(2) as α
and β, namely,
aa(Λ, p) =
(
α(Λ, p), β(Λ, p)
)
. (3.56)
Under an arbitrary Lorentz transformation Λ, the creation and annihilation operators
transform as [2]
U(Λ)a(~p, σ)U−1(Λ) =
√
(Λp)0
p0
e−iσΘ(Λ,p)a(~pΛ, σ) (3.57)
U(Λ)a†(~p, σ)U−1(Λ) =
√
(Λp)0
p0
eiσΘ(Λ,p)a†(~pΛ, σ) (3.58)
Here ~pΛ stands for Λ
i
µp
µ or (Λp)i. On the other hand, under the Lorentz transformation
Λ,
Λµνe
ν(~p,±1) = Lµν(Λp)(L−1(Λp)ΛL(p))νρeρ(~k,±1)
= Lµν(Λp)W
ν
ρ(Λ, p)e
ρ(~k,±1)
= e±iΘ(Λ,p)
(
eµ(~pΛ,±1) + α(Λ, p) ± β(Λ, p)|~k|
(Λp)µ
)
(3.59)
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In the last line, we have used (3.55). That is, the polarization vectors cannot transform as
a true Lorentz vector [2],
e−(±iΘ(Λ,p))eµ(~p,±1) = Λνµeν(~pΛ,±1) + α(Λ, p)± iβ(Λ, p)|~k|
pµ. (3.60)
Or, according to Weinberg’s notation [2],
eµ(~pΛ,±1)e±iΘ(Λ,p) = Λµνeν(~p,±1) + (Λp)µΩ±(Λ, p) (3.61)
Here Ω±(Λ, p) ≡ −e±iΘ(Λ,p)[α(Λ, p) ± iβ(Λ, p)]/|~k|.
So under the Lorentz transformation,
U(Λ)aµ(x)U
−1(Λ) = Λνµaν(Λx) + ∂µΩ(x,Λ), (3.62)
where
Ω(x,Λ) = − i
(2π)
3
2
∫
d3p√
2p0
∑
σ=±1
[
α+ iβ
|~k|
eip·(Λx)a(~p, σ)− α− iβ
|~k|
e−ip·(Λx)a†(~p, σ)
]
(3.63)
If we calculate everything using
W˜ µν(Λ, p) = exp(a˜
a(Λ, p)τ−a)µρ exp(Θ˜(Λ, p)τ3)ρν , (3.64)
where
a˜a(Λ, p) =
(
α˜(Λ, p), β˜(Λ, p)
)
, (3.65)
in stead ofW (Λ, p) (see (3.55)), the angle Θ in (3.57) and (3.58) must be replaced by Θ˜, and
α and β in (3.63) must be replaced by α˜ and β˜. (One can transform the set of parameters
(α, β,Θ) into (α˜, β˜, Θ˜) by using (3.45) and (3.46).) After making these replacements, the
only change in (3.62) is that Ω(x,Λ) gets replaced by
Ω˜(x,Λ) = − i
(2π)
3
2
∫
d3p√
2p0
∑
σ=±1
[
α˜+ iβ˜
|~k|
eip·(Λx)a(~p, σ)− α˜− iβ˜
|~k|
e−ip·(Λx)a†(~p, σ)
]
.(3.66)
namely,
U(Λ)aµ(x)U
−1(Λ) = Λνµaν(Λx) + ∂µΩ˜(x,Λ). (3.67)
This is the result calculated by using Eq. (3.64). We see that (3.62) and (3.67) are only up
to a gauge transformation, which is due to the difference between two “standard Lorentz
transformation”, defined by (3.43). Or in other words, two different “standard Lorentz
transformations” can generate a gauge transformation.
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3.3 Summary of This Section
In D dimensions, the vector representation of the SO(D − 2) part of the Wigner little
group ISO(D − 2) is given by
Wb
a(Λ, λ) = − [ΛL(λ)]a
−[ΛL(λ)]−b
[ΛL(λ)]−−
+ [ΛL(λ)]a
b
=
1
p−(Λp)−
(
(p−Λba − paΛb+)(Λp)− − (p−Λ−a − paΛ−+)(Λp)b
)
, (3.68)
and the translation part is defined as
aa(Λ, p) = −Wa+(Λ, λ) = [ΛL(λ)]−
+[ΛL(λ)]a
−
[ΛL(λ)]−−
− [ΛL(λ)]a+
=
√
2κ
(
Λ−+(Λp)a
(Λp)−p−
− Λa
+
p−
)
. (3.69)
Here Λµ
ν is an arbitrary Lorentz transformation, and the “standard Lorentz transforma-
tion” L(λ) carries the standard D-momentum kµ = (0, . . . , 0, κ, κ) to pµ, i.e. Lµν(λ)k
ν =
pµ, with pµ the D-momentum of any massless particle. The matrix Lµ
ν(λ) is defined by
(3.9).
The general representation of the little group for massless particles is given by (3.36),
where the parameters Θcd and a
a defined by (3.34) and (3.31), respectively.
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A Conventions and Useful Identities
In this appendix, we introduce our conventions for the gamma matrices and Clifford algebra
of SO(D − 1, 1), and Lorentz transformations. The set of gamma matrices satisfy
{γµ, γν} = 2ηµν , (A.1)
where η00 = −1 and ηij = δij . We will use ηµν (ηµν) to raise (lower) indices; For instance,
γµ = ηµνγν . The gamma matrices obey the reality conditions
γ0† = −γ0, γi† = γi. (A.2)
The set of generators of SO(D − 1, 1) are defined as
Σµν =
1
4
[γµ, γν ]. (A.3)
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It is convenient to decompose the generators into the two sets,
Σi0 =
1
4
[γi, γ0] (A.4)
Σij =
1
4
[γi, γj ] (A.5)
They obey the reality conditions
Σi0† = −γ0Σi0(γ0)−1 = Σi0,
Σij
†
= −γ0Σij(γ0)−1 = −Σij, (A.6)
and satisfy the commutation relations
[Σµν , γρ] = ηνργµ − ηµργν ≡ (τµν)σργσ, (A.7)
[Σµν ,Σρσ] = ηνρΣµσ − ηµρΣνσ − ηνσΣµρ + ηµσΣνρ, (A.8)
{Σµν ,Σρσ} = 1
2
(γµνρσ + ηνρηµσ − ηµρηνσ),
where γµνρσ ≡ γ[µγνγργσ] = 14!(γµγνγργσ + permutations), and
(τµν)σ
ρ = δµση
νρ − δνσηµρ. (A.9)
We parameterize the general Lorentz transformation ΛS in spinor space as follows
ΛS = exp(
1
2
ωµνΣ
µν), (A.10)
where the set of parameters ωµν is a real antisymmetric tensor, and the subscript “S” stands
for spinor representation. Eqs. (A.6) imply that ΛS obeys the pseudo-reality condition
γ0Λ†S(γ
0)−1 = Λ−1S . (A.11)
The rotation and boost are given by
RS = e
1
2
ωijΣ
ij
and LS = e
ωi0Σ
i0
, (A.12)
where ωi0 is the set of rapidities.
To describe massless particles, it is more convenient to introduce the light-cone coor-
dinates in D-dimensional spacetime
x± =
1√
2
(±x0 + xD−1) (A.13)
and the transverse space-like coordinates xa, a = 1, 2, . . . ,D − 2.
In terms of light-cone coordinates, we have
γ± =
1√
2
(±γ0 + γD−1), (A.14)
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and the non-vanishing anti-commutators are given by
{γ+, γ−} = 2η+− = 2,
{γa, γb} = 2ηab. (A.15)
Hence the metric tensor ηµν can be decomposed into
η+− = η−+ = 1, ηab = δab, and η++ = η−− = ηa+ = ηb− = 0. (A.16)
We will use η+− or η+− to raise or lower indices; For instance, V− = η−+V + = V +. The
inner product of two vectors reads
ηµνVµWν = V
aW a + V−V − + V+V +. (A.17)
Using the rules of tensor analysis, one can write down the general Lorentz transforma-
tion Λ in the light-cone coordinates; For instance,
Λ−+ =
∂xµ
∂x−
∂x+
∂xν
Λµ
ν =
1
2
(
− Λ00 − Λ0D−1 + ΛD−10 + ΛD−1D−1
)
. (A.18)
The set of generators Σµν is decomposed into
Aa ≡ Σ−a = 1
4
[γ−, γa], (A.19)
Σ+− =
1
4
[γ+, γ−] = Σ0,D−1, (A.20)
Σ+a =
1
4
[γ+, γa], (A.21)
Σab =
1
4
[γa, γb]. (A.22)
Under the above decomposition, the (spinor) algebra of the little group ISO(D− 2) reads
[Aa, Ab] = 0, (A.23)
[Σab, Ac] = δbcAa − δacAb, (A.24)
[Σab,Σcd] = δbcΣad − δacΣbd − δbdΣac + δadΣbc. (A.25)
Notice that by the definition of Aa (see (A.19)),
(Aa)2 = 0, (A.26)
that is, in the spinor representation, the eigenvalues of Aa are zero automatically.
B Verifying Little Group SO(D − 1)
We now try to give a direct verification of (2.34), which is essentially the same as the
following equation:
Wi
k(Λ, p)Wj
k(Λ, p) = δij . (B.1)
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For readability, we will write [ΛL(p)]µ
ν as (ΛL)µ
ν . Our main equation for proving (B.1) is
the fundamental one:
ηρσ(ΛL)µ
ρ(ΛL)ν
σ = ηµν or (ΛL)µ
k(ΛL)ν
k = ηµν + (ΛL)µ
0(ΛL)ν
0. (B.2)
Inserting the last equation of (2.26) into the left-hand side of (B.1) gives
Wi
k(Λ, p)Wj
k(Λ, p)
=
1
[1 + (ΛL)00]2
(
(ΛL)0
k(ΛL)0
k(ΛL)i
0(ΛL)j
0 − (ΛL)ik(ΛL)0k(ΛL)00(ΛL)j0
−(ΛL)ik(ΛL)0k(ΛL)j0 − (ΛL)0k(ΛL)jk(ΛL)i0(ΛL)00 + (ΛL)ik(ΛL)jk(ΛL)00(ΛL)00
+(ΛL)i
k(ΛL)j
k(ΛL)0
0 − (ΛL)0k(ΛL)jk(ΛL)i0 + (ΛL)ik(ΛL)jk(ΛL)00 + (ΛL)ik(ΛL)jk
)
(B.3)
The summation of the first term of first line in the big bracket of (B.3) and the third term
of the second line is(
(ΛL)0
k(ΛL)0
k
)
(ΛL)i
0(ΛL)j
0 +
(
(ΛL)i
k(ΛL)j
k
)
(ΛL)0
0(ΛL)0
0
=
(
η00 + (ΛL)0
0(ΛL)0
0
)
(ΛL)i
0(ΛL)j
0 +
(
δij + (ΛL)i
0(ΛL)j
0
)
(ΛL)0
0(ΛL)0
0
= [δij + 2(ΛL)i
0(ΛL)j
0][(ΛL)0
0]2 − (ΛL)i0(ΛL)j0. (B.4)
Let us now add the second term of first line in the bracket of (B.3) and the second term of
the second line,
−
(
(ΛL)i
k(ΛL)0
k
)
(ΛL)0
0(ΛL)j
0 −
(
(ΛL)0
k(ΛL)j
k
)
(ΛL)i
0(ΛL)0
0
= −
(
ηi0 + (ΛL)i
0(ΛL)0
0
)
(ΛL)0
0(ΛL)j
0 −
(
η0j + (ΛL)0
0(ΛL)j
0
)
(ΛL)i
0(ΛL)0
0
= −2(ΛL)i0(ΛL)j0[(ΛL)00]2. (B.5)
The summation of the rest terms (the first term of second line and all terms of third line)
in the big bracket of (B.3) is
−(ΛL)ik(ΛL)0k(ΛL)j0 + (ΛL)ik(ΛL)jk(ΛL)00 − (ΛL)0k(ΛL)jk(ΛL)i0
+(ΛL)i
k(ΛL)j
k(ΛL)0
0 + (ΛL)i
k(ΛL)j
k
= −
(
(ΛL)i
k(ΛL)0
k
)
(ΛL)j
0 −
(
(ΛL)0
k(ΛL)j
k
)
(ΛL)i
0 +
(
(ΛL)i
k(ΛL)j
k
)
[2(ΛL)0
0 + 1]
= −
(
ηi0 + (ΛL)i
0(ΛL)0
0
)
(ΛL)j
0 −
(
η0j + (ΛL)0
0(ΛL)j
0
)
(ΛL)i
0
+
(
δij + (ΛL)i
0(ΛL)j
0
)
[2(ΛL)0
0 + 1]
= −2(ΛL)i0(ΛL)j0(ΛL)00 +
(
δij + (ΛL)i
0(ΛL)j
0
)
[2(ΛL)0
0 + 1] (B.6)
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In deriving (B.4), (B.5), and (B.6), we have used (B.2). The big bracket of (B.3) is the
summation of (B.4), (B.5), and (B.6):
(B.4) + (B.5) + (B.6) = δij
(
1 + 2(ΛL)0
0 + [(ΛL)0
0]2
)
. (B.7)
Replacing the big bracket of (B.3) by (B.7), the right-hand side of (B.3) becomes δij . This
completes the proof of (B.1).
C Verifying Little Group SO(D − 2)
We now give a direct proof of (3.27). For convenience, we cite it here:
Wa
c(Λ, p)Wb
c(Λ, p) = δab. (C.1)
We are going to use the fundamental equation
ηρσ(ΛL)ρ
µ(ΛL)σ
ν = ηµν
or (ΛL)c
µ(ΛL)c
ν = ηµν − (ΛL)+µ(ΛL)−ν − (ΛL)−µ(ΛL)+ν (C.2)
to prove (C.1), where we have written [ΛL(p)]µ
ν as (ΛL)µ
ν . Plugging the second line of
the second equation of (3.17) into the left-hand side of (C.1),
Wa
c(Λ, p)Wb
c(Λ, p) =
(ΛL)c
−(ΛL)c−(ΛL)−a(ΛL)−b
[(ΛL)−−]2
−(ΛL)c
−(ΛL)cb(ΛL)−a + (ΛL)c−(ΛL)ca(ΛL)−b
(ΛL)−−
+(ΛL)c
a(ΛL)c
b. (C.3)
According to (C.2),
(ΛL)c
−(ΛL)c− = η−− − (ΛL)+−(ΛL)−− − (ΛL)−−(ΛL)+−
= −2(ΛL)−−(ΛL)+− (C.4)
Taking account of (C.4), the first line of (C.3) becomes
1
[(ΛL)−−]2
(
(ΛL)c
−(ΛL)c−
)
(ΛL)−a(ΛL)−b = −2(ΛL)+
−(ΛL)−a(ΛL)−b
(ΛL)−−
. (C.5)
Similarly, one can convert the second of (C.3) into the form:
− 1
(ΛL)−−
[(
(ΛL)c
−(ΛL)cb
)
(ΛL)−a +
(
(ΛL)c
−(ΛL)ca
)
(ΛL)−b
]
= − 1
(ΛL)−−
[(
η−b − (ΛL)+−(ΛL)−b − (ΛL)−−(ΛL)+b
)
(ΛL)−a + (a↔ b)
]
=
2(ΛL)+
−(ΛL)−a(ΛL)−b
(ΛL)−−
+ (ΛL)+
a(ΛL)−b + (ΛL)−a(ΛL)+b (C.6)
Inserting (C.5) and (C.6) into (C.3),
Wa
c(Λ, p)Wb
c(Λ, p) = (ΛL)+
a(ΛL)−b + (ΛL)−a(ΛL)+b + (ΛL)ca(ΛL)cb
= δab. (C.7)
This completes the proof.
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